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IDENTITIES ON QUADRATIC GAUSS SUMS

PAUL GERARDIN AND WEN-CH ' ING WINNIE LI

ABSTRACT. Given a local field F , each multiplicative character 6 of the split
algebra F x F or of a separable quadratic extension of F has an associated
generalized Gauss sum yg . It is a complex valued function on the character

group of F* x F, meromorphic in the first variable. We define a pairing
between such Gauss sums and study its properties when F is a nonarchimedean
local field. This has important applications to the representation theory of
GL(2, F) and correspondences [GL3].

INTRODUCTION

The multiplicative group F* of a local field F is a split extension of the
value group |F*| by the compact group of the units. Hence, the group & (F™)
of continuous homomorphisms of F* in C* is a one-dimensional complex
Lie group, with connected component of identity the image of C under the
map

s (tet).
We have written |¢| for the normalized absolute value of ¢.
The group F* acts on functions on F by translations:

tfe S f(x)=fix), teFT.
This gives an action of F™ on the space #(F) of Schwartz-Bruhat functions
on F, hence also an action on the space .'(F) of tempered distributions on
F:

(t.D|f") = (DLS).

For each x in &/ (F™), the space of tempered distributions of type y under
the action of F* is one-dimensional (e.g. [W3]). The choice of a nontrivial
additive unitary character ¥ of F defines an identification of F with its
Pontrjagin dual by (u, v) — w(uv), hence a self-dual Haar measure a’wu on
F, and a Fourier transform

i) = [ fwwwyd,u,  fes ).
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160 PAUL GERARDIN AND W.-C. W. LI

The Fourier transform exchanges distributions of type y with distributions of
type £ |tx(0)”".

Fix an additive Haar measure du on F and let d"u be the measure
|u]_'/2du on F. Then, for each y € & (F*), we have a measure yd”* on
F* , which is holomorphic in . It is well known [W3] that yd™ extends to a
unique meromorphic distribution AX of type x| |'/ >on F , which has simple

poles. As Ax is a multiple of A L denote their ratio by yF (x, v), called the

gamma factor attached to y and y:
A F
Ay =7 (X WA
It is a meromorphic function of y, satisfying the complement formula
F 1
( )=1,

F -1 -
YL wy (x v

and also

X

-1 F
Y v =x® Y (X, w),  teF”,
F
y (1, w)=1.

i

In case F is a nonarchimedean local field, the gamma factor yF (x,w) is
a Gauss sum; more precisely, it is an analytic continuation of the following
integral taken in principal value:

[ xwdyu.

Let K be a quadratic étale algebra over F, thatis, K is either an F-algebra
isomorphic (in two ways) to F x F', or a separable quadratic field extension of
F . Then the norm group Ny (K ) has index 1 or 2 according as K splits

or not over F. Denote by 7, the character of F " with kernel N, (K ).

For a character 6 of K™, a character y of F*, and y as above, we define
the quadratic Gauss sum with T IF the trace form from K to F:

F
Ve (x,w)= }'K/F(V/)VK(OX o NK/F » Yo TK/F) >

where .
l[(/p('//) =7 (’71(/; , V).

Note that in case K is split over F, the group &/ (K™) is isomorphic to the
product of two copies of & (F ><) so that we may identify 6 with a couple
{u, v} of characters of F™; in this case, we have AK/F(I//) =1, and

F F F
Yo (X W)=y (xu,w)y (xv,y).

It is known that these quadratic Gauss sums have the following properties:
(a) if the additive character v is changed to y', t€ F*, then

7o 0 W) = x(0 00 vy (X, W), ) =g, p(D6(1);
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(b) it satisfies the Davenport-Hasse identity, namely, when 6 = po N /F for
some character u of F™, one has
F F F
Yo (X W) =7 (X, W)Y (XMNg/ps V)

(c) for F nonarchimedean and x of conductor large enough

F F F
Yo (X w) =y (X, v)y (Xo, y),
where  1is as in (a); this is the deep twist property.
In this article, we shall study, for F nonarchimedean, a pairing between two
such quadratic Gauss sums yg and yeF/ relative to two quadratic étale algebras
K and K'. It is defined for the two meromorphic functions

F F, -
X7 (x,¥) and xeyp(x L w)

having no common pole as the finite part of a contour integral over % (F™)
enclosing the poles of yt‘:,( 1, v) but no poles of y — yg (x, v):

F, F F F, -1
(v 179) =f Ve (X W)ve (X w)dx.
A (FX)

Our purpose is to derive further properties of the quadratic Gauss sums from
this pairing, with the goal of reestablishing Langland’s correspondences on rep-
resentations of degree two semisimple algebras over F. Thus, some of the
results would become immediate consequences if one were to grant these cor-
respondences.

Our main result (Theorem 1) expresses the value of this pairing in terms of a
gamma factor coming from the étale F-algebra B = K® K " and the character
6 x 8" of B* defined by

(0 x0')(2) =00 Ny ()8 0 Ny i(2).

In Theorem 2, we show that for K’ split the formula reduces to a formula
which has appeared already in [L, GL1, GL2], called the multiplicative formula
for yg . When K and K' are not isomorphic and when the product of the
restriction to F* of 6 and 6’ is the character ¢ — |t|_1 , the value of the
pairing (y:,r |y§,)w can be simplified (§3.3). In particular, it depends only on the
fields K and K'. This fact is used in [GL3] to characterize the degree two
monomial representations of the local Weil group W, over F . Each character
6 of K> determines a two-dimensional representation Ind,'ze of Wy.. We
prove in §3.4 that the quadratic Gauss sums yg parametrize the isomorphism
classes of these representations Ind£ 0.

1. PREPARATION

1.1. We introduce some notations for any nonarchimedean field. In general,
the field will be indicated by a subscript, but it will be deleted for the base field
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F . The ring of integers of F is & = &, , its group of units is &~ = &, , its
maximal ideal is ¥ = %, . As @ and @™ are open compact subgroups of F,
F*, respectively, we choose Haar measures du = d,u on F, d*t=d,t on
F*, respectively, giving to them the volume 1. Then d”¢ = L,|¢|”' dt, where
L,=(1- g~")™" is the value at the character ¢ — |t| of the L-function of F,
and g = g, is the module of F.

On the group F of characters of F , there is an absolute value | | defined on
VRS F as the smallest number ¢ in the value group of F such that y(u) =1
for clu| < 1. Then |y'| = |y||t| for ¢ in F. The self-dual Haar measure
on F associated to the bicharacter w(uv), for y nontrivial in F, is dwu =
lw|' du.

We define a modification I'" = I' of the gamma factor yF by taking the
finite part of the following integral:

Tz, v) = /F 2Ow(d*t.

It is given in terms of yF by

~1/2 2
T(x. w)=Lelwl™"*" (xd'", w)
and satisfies the following complement formula:
-1 _—1 2, -1
Fx, w)T(x g9 ", w)=Lglyl x(-1).

Here, we have used the convention which identifies a nonzero complex number
Z with the character ¢ — Z°' of F*, where ords = — log, [1].

For a character x of F*, we write a(y) for its conductor, and A(x) =g¢
so, A(x) is the smallest number ¢ > 1 such that, for ¢ a unit, we have y(¢) =1
when c|t -1/ < 1,1ie. ord(t—1) > a(y) means |t — 1|4(x) < 1. We define
also A'(x) tobe A(x) if x ramifies and to be g otherwise. We denote by |x|
the character ¢ — |x(#)|, so that it coincides with |Z| when x is given by the
nonzero complex number Z .

For |x| < q’/ 2 the gamma factor yF( X, ¥) is given by the convergent integral

= aowod,
<4’ (0wl

ax) .

with d;t = |t|_l/2dwt. When x ramifies, only the shell || = A()()It//]_l con-
tributes; moreover, there is Xy in this shell such that, for any character u of

F* satisfying A(;z)2 <A(x), -
s w) = w(,)v (L w).

From this, it follows that for K = F x F and # a character of K™ given by
the characters x4 and v of F™, we have the relation

ve 0 w) =7 0wy (o, w)  if A’ and A(v) < A(x), ©=uv.
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1.2. For K an étale F-algebra, that is, a product of the extensions E of F , its
ring of integers &, is the product of the & ’s, and the group @’,? of units is the
product of the é’; ’s. Let T = TK/ 5 be the trace form from K to F. Then the
pairing (x, y) — T(xy) from K x K to F is nondegenerate. By composition
with F — F /&, , we get an orthogonality relation between the &, - submodules
of K. The index of & in its orthogonal is called the discriminant Dy F* it is
the product of the D, IF ’s. The self-dual Haar measure d K.y On K associated

to the bicharacter y o T(xy) is |y o Tl'/ 2d x » With |y o T| the product of the
lw o Ty p|’s; hence dg , is the product of the dy ,’s. From Corollary 3 to

Proposition 4 of Chapter VIII-1 in [W2], we have |y o T| = |1//|[K : F]DE/I r - Let
N = Ny /F be the norm map on K : it is the product of the norm maps N, JF -
We introduce the two numbers
~1,-1 K:F
Ly=T]Le=T]1-az)"" and Ly, =Le/LE "
E E
Note that L, is also the integral over &, of the function |Nx| for the measure

d,’é . We denote by |x|, the absolute value Max, |Ng/pXgl on K, x = (xg).

1.3. A quadratic étale F-algebra K has a conjugation ~ ; its norm N = N IF
and trace T = T, JF are also given by Nx = xX, Tx = x+X. For each
nontrivial additive character y of F, the quadratic character o N is nonde-

generate and defines a fourth roots of unity A(woN) by the functional equation
[W1, G]:

/ F)w o Nw)dy = i o N) / F0)w ™ o N(x) dx
K K

where f lies in the Schwartz-Bruhat space .¥’(K) of compactly supported lo-
cally constant functions on K, and its Fourier transform is

70)= [ Foowo TGer)dy .
With f the characteristic function of a sufficiently small ball around 0, we get

A(t//oN):/ woN(x)dy ,x, for R large enough.
lx|g <R '

Moreover, decomposing F with respect to the norm group of K, we get

My o N) =7 (ngsr> ¥),
with the notations as in the introduction. Note that A(y o N) =1 for K split.
1.4. If K is a quadratic étale F-algebra and 6 is a character of K™, we define
a two-dimensional representation of the Weil group W, of F as follows. If K
a field, its Weil group W, appears as the kernel of the composition of the class
field theory map W, — F * with Nk/F> it has index two in W, and 6 gives
a one-dimensional representation of W from the map W, — K * hence by
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induction a two-dimensional representation Indi 6 of W, . If K is split, then
6 is given by two characters x and v of F™;in this case Inle< 6 is the sum
of the two one-dimensional representations of W, defined by u and v.

Lemma. Assume that K is a separable quadratic extension of F . Given a char-
acter 6 of K™ and two characters o and B of F™, the following conditions
are equivalent:

(1) @ =aoNg,p=PBoNgp, B=angg,

(ii) Indk 6 =a® g,

ooy F F

(iii) 7 (x, ¥) =y (xa, ¥)y
Proof. (i) = (ii) is clear. (ii) = (i) comes from the fact that Indz() is
reducible if and only if the character 8 is fixed under the conjugation of K
over F. (i) = (iii) is the Davenport-Hasse identity. Finally (iii) = (i) uses
the fact that 6 is not regular since yg has poles, so 6 = ao N, IF and yeF( X, ¥)
is 7" (xa, w)" (xany, ;. w) with polesat o~ 'g~'/?
are also a”'¢™"* and ,B_]q"l/ 2. this gives the implication.

E(xB., w) for any character y of F*.

and a'an/Fq"'/z , which

1.5. Lemma. Let K be a quadratic F-algebra, with norm N, trace T, discrim-
inant D, absolute value | |, . Fix a nontrivial additive character y of F. If
the element R of |K™|, satisfies R|y| > D, then, the Fourier transform with
respect to w o T of the function g on K defined by

g(x) = w(=Nx) for |x — 1|, < R and 0 otherwise

is equal to AK/F(y/)_lE.

Proof. We write the inequality R|y| > D as R"]y/o T|_l ; this gives w(NXx) =
1 for |x], < R"|y/ ° T|'l ; the orthogonal of this subgroup with respect to the
bicharacter w o T(xy) is |y|, < R. From the reduction theorem in [G], the
A-factor of the quadratic group (K, w o N) is also the A-factor of the factor:
group of the ideal |x|, < R modulo the ideal |x|, < R_1|u/ o T|—l for the
quadratic character y o N, hence

fx)w o N(x) " dx = / Fo)wo N dy,

Ix|¢ <R
forall / in &°(K). We write now the value at 1+ z of the Fourier transform
of the given function g: 2(1 + z) = w(l + Tz) flleSR W(-Nx+Txz)dg ,x.
We apply then the above formula to the function f(x) = w(Txz) for |x|, <R
and 0 elsewhere:

§1+2) = w1+ T2, () [

[x—z| <R 'fyoT|™
x| <R

j~1(/1:(‘//) |

x|x<R

t//(Nx)dK‘Wx/ dg V.

Ik <R
By integrating first on the ball |x|, < R‘llz// o T|'l , the first integral is seen to
be 0 unless |z|, < R; in this case, we get

N - -1
21+2) = y(l+ T2, (W) W(NZ) = Ay o () woN(1+2),
which proves the lemma.
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1.6. Biquadratic étale F-algebras. A biquadratic étale F-algebra B is a four-
dimensional étale F-algebra containing at least two quadratic sub-F-algebras
K and K'. Then, the map (x, y)+— xy gives an isomorphism from K ®p K’
onto B. The conjugation of K (resp. K') with respect to F extends to an
F-involution on B with K’ (resp. K) as fixed points. These two involutions
commute, and their composition has fixed points a third quadratic subalgebra
K" and K, K', K" are all the three quadratic sub-F-algebras in B. When
B is a field, it is a biquadratic extension of F, and K, K', K" are the three
quadratic extensions of F contained in B. When B contains exactly one split
quadratic F-algebra, it is a direct product of two isomorphic quadratic separable
extensions of F: we see B as K x K with the two subfields {(x, x)|x € K},
{(x, X)|x € K} and the split algebra F x F embedded naturally; in this case,
the three involutions are respectively (x, y) — (v, x), (¥, X), (X, ¥), we have
isomorphisms from K®, K onto B and from K®, (F x F) onto B given by
x®yw— (xy,xy) and x ® (u, v) — (xu, xv) respectively. Finally, when B
contains more than one split quadratic F-algebra, then it is completely split, and
isomorphic to F*; we see then K, K', K" as fixed points of the involutions
(t,u,v,w)» (v,w,t,u), (W,v,u,t), (u,t, w, v) respectively.

In each case, we have Ng/plk el p = 1 This implies that the product
Ay / F(W)Ag / F(W)Agr / r(w) is independent of the character y ; we denote it by

Ap JF - If 6 is a character of B™, we define for y and w as above

F B
i (X V/)le/FV (QXONB/F’ WOTB/F)'
For the number L, JF defined in 1.2, we have

LB/F = LK/FLK'/FLK“/F ’

expressing the inductivity property of the L-function. The discriminant D, IF

satisfies a similar relation ([S, Chapter V1.2] with the Artin representation, and
[W2, Corollary 2 of Theorem 5, Chapter XI1.4] with the Herbrand distribution):

DB/F = DK/FDK//FDK”/F .
Also, we have the relations
Mgk = Mk sr © Niyr -

In particular, the elements of F and those of K, = Ker Ny, are norms rrom

elements of B. We remark also that the conjugation of B over K' when
restricted to K induces the conjugation of K over F. Finally, the product
AB/FnK/F(—l) is the factor /IB/K(y/ ° TK/F) for any w as above. We write it

simply 13/1{’

2. PRELIMINARY RESULTS

2.1. Some measures. Let K be a degree n étale F-algebra, with its trace
form T and its norm form N . The bilinear form (x, y) — T(xy) on K is
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nondegenerate; hence, it defines a self-pairing on the top exterior power \" K,
and a Haar measure d /F On K . In other words, we have, by definition of the
discriminant D

K/F>
—-1/2
(2.1) / dypx =Dy f -
ﬁl(

The maps x — x/Tx and x — Tx give a decomposition of the complement
in K of the hyperplane Ker7 as the product of the affine hyperplane K,
consisting of trace 1 elements, by F* . This in turn yields a decomposition
of the differential forms on K, hence a decomposition of the Haar measure
dK/Fx as |Tx}"_1dT(x/Tx)de, where d,y is a measure on K, invariant
under translations by Ker 7". This is also

dK/F-X _ dT(X/TX) dTx
INx|  IN(x/Tx)| |Tx| "

When passed to the normalized Haar measures on K~ and F”, this defines a
measure d'y on K, by

dex=d"(x/Tx)d; Tx.

In terms of the measure 4. introduced above and the number L, in (1.2) this
gives

2 Ly dry

KIE L INy|”

When K is a field, this can also be stated as follows. The projective space
deduced from K as an n-dimensional space over F is also the factor group
K™ /F* ; the affine hyperplane K, of K imbedsin K™ /F™ as the open subset
image by x — x/Tx of the complement of the hyperplane Ker7 of K;
the Haar measure on K™ /F™ given by the quotient of the normalized Haar
measures on K~ and F* induces on this open subset the measure d°y . It is
a bounded measure since it gives to K, the volume of K*/F™ with respect
to the quotient measure dg x/d, t; this volume is computed by integrating the
characteristic function of units in K™, which has volume 1: this gives

/ ar'y=/x (@ x/d ) =K |yt [F |1 = eg
K; K*/F

with ex/p the ramification index of F in K.

If K is a separable quadratic extension of F, with conjugation x — X, then
the homography x — x~' — 1 of the projective line K U {oo} sends K U {oo}
onto K, since N(x—l —1)-1=(1-Tx)/Nx. As y 1= y/y for ye K,
this map coincides on K, with x +— X/x, which is a homomorphism from
K™ onto K , (by Hilbert Theorem 90) with kernel F * . Hence it identifies the
groups K, and K*/F”™ in a compatible way with the two maps K, — K™ /F”

dy=D
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and K, — K,. This shows that, for f an integrable function on K, with
respect to the measure d°y,

| 1wy =eg [ 0+ 0w,
KT Kl

where d*w is the normalized Haar measure on K , since the ramification index
€x/r is the volume of K, under d’y.If K is F x F, then K, is isomorphic
to F* by t+—(1,17"),and x —» x~'=1 sends (KU{oo})\ ({0} x F)U(F x{0})
onto F*,and (K,U{oo})\{(1, 0), (0, 1)} bijectively onto F* since y~'—1 =
y/y for y € K. In this case, for f an integrable function on K. with respect
to d'y=dy,/ly,(1-y))| at y = (y,,¥,), we have

| oswdty= [ oy g™
K, F

2.2. A formula for the gamma functions r~.

Lemma. Let K be a finite separable extension of F, and let K. be the affine
F-hyperplane of K consisting of elements y with trace Ty = 1. If p € & (K™)
has the module of its restriction to F™ larger than g, then W is integrable on
K, with respect to the measure d’y and

| w0y =T, o T) Tl v
T
The proof proceeds by analytic continuation from the case g, n lu| <1,
where n is the degree of K over F ; this later case is straightforward.

2.3. The pairing ( , ), . Let h(x, w) and h'(x, w) be two rational functions

of the characters y of F*, depending on the nontrivial additive character y
of F . We assume they satisfy the following conditions:

(a) there are numbers a, a’ and w, o' € % (F*) such that, for y of large
enough conductor,

A, w)=ay (0, v (xo, v),
K, w)y=dy vy’ (o, w);

(b) no pole of 4 is the inverse of a pole of A'.
We define then (h|h') , € CU{oo} as follows. Observe that for u € & (F),

the function y — h(xu, v) satisfies a) with w replaced by a),u2 ; except for a
finite number of u s, condition b) is satisfied for A(yu, w) and A'(x, w). We
denote by dy the l-form on ./ (F™) read as 2—}52 ~'dZ on each connected
component xC™ . Due to property (a), for n large enough, say, n > N, the

integral
foonazowl T wdn, zec,
a(x)=n
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taken on simple positive contours around the origin in each component of con-
ductor a(y) =n,is 0 if ww' ramifies, and otherwise is

aa'w(—l)f{ Z—Zordu/—-2n(wwl)—ordu/—ndx
a(x)=n

-1

)"

_ aa'(l _ q—l)ZZ—Zord u/(ww/)—ordq/(qZ—Z(wwt)

hence for |Z 2wco'l > g, the series

}:f h(xZ, w)l' ("', w)dx
S da=n

converges absolutely with sum

2 —N—1 _N+1
1.2, 52 /)—ordz//(Z ww,) q *

aaw(-1)(1-q ) (Z ww ez ew) T

Then we define the number (hlhl),,, as the finite part of the integral

7{ W, wh (' wydx,
S (FX)

where a simple positive contour around the origin is taken in each component
of & (F™), containing the poles of x h'()(“1 , ¥) but not those of y —
h(x, v). This means that (h|h') p is given for N large enough by

(hlh'), = j{( CS Wk (0", w)dy
alx)s

0 if we' ramifies,
—N-ordy

U
A10) .
2———————( ), qN+1 otherwise.
ww' —q

1

ad' w(-1)(1-¢7")
It is finite unless ww' = g. In the case A'(x ', w) = bh(x, )", we have
adw(-1)=b, o' =w™ ", s0 ww' isnot g and
N+1

Bk =b dy+b(1—g Y9 _.
), =0 drenti-g

since dy is the measure of units ¢ satisfying ord(¢ — 1) > N, that is,

a(X)sN
N+l

N -y _ o ~124
g ,(l-¢qg )=-(1-¢ )l_q,

we have shown that (k|h’) , = 0 in this case.
We shall write

i), =f, L R

An example of functions 4, 4’ satisfying (a) and (b) are the quadratic Gauss
sums yg and y:;.
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2.4. We give an example of the pairing involving the beta function. In general,
for u, v characters of K*, and y a nontrivial additive character of K, we
define the beta function BX of K by

K
(2.4.1) BN, v) =T (u, w)I* v, v)/T (v, w),

which is independent of the choice of . We have used the traditional notation
B~

Proposition. Let K be a separable quadratic extension of F, and 6,6 €
o (K*). Assume |06'| > q;l/z, and 00" # 1 if 9 and 6" are liftings of
characters of F*. Then

(2.4.2) / BX0yonN, 0 !
S(F>)

o N)dy = /K (08)(»)d"y,

where the left-hand side is defined from the pairing in §2.3, and d°y has been
defined in §2.1.

Proof. The condition |06'| > q,;]/ 2 assures the convergence of both integrals.
As they are analytic in this domain, we prove the identity under the conditions
6| <1, |6 <1, |66 > qgl/z. Let m be a positive integer and choose a
positive number R, satisfying

I (0yoN, yoT)= / 6(x)x (Nx)w(Tx)d"x,
Nx|<R,
and
@'y oN, yoT) = / 6' )~ (Ny)w(Ty)d"y
|Ny|<R,,

for all characters y € & (F™) with conductor a(x) < m. The orthogonal in
F of this subgroup of & (F*) is 1 + %™, where & is the valuation ideal
of F.So I K(00’ , woT) times the left-hand side of (2.4.2) is the limit as m
tends to infinity of

f ( / 8(x)6' (V) w(Tx + Ty)x(Nx/Ny)d™ x d*y) dz,
a(x)<m |Nx|<R, ,INy|<R,
which is equal to

e /(1 +P™) 0(x)0' )y (Tx + Ty)d* xd™y
INX|<R,, . |NVI<R,, , N(y/x)E1+P™

=" /(1 +2™) (00")(x)y(Tx)6' (w)
Nwel+P™ | |Nx|<R, |N(1+w)]|

x (061 +w) ' d*xd*w,

by the change of variables (x, y) — (x(1 + w)_1 , xw(l+ w)™ ). For m large
enough, the subgroup 1 +.2™ is the image by N of some subgroup 1+ 97’,;"
such that w — 6’ (w)(88")(1+w) ™" on N™'(1+P™) = K, (1+P]" ) is constant



170 PAUL GERARDIN AND W.-C. W. LI

mod(1 +9f’,2",) ; then, because |@ /(1+%P™)| [|,»md ™t =1, our expression is,
with the normalized Haar measure d“w on K s
e/ (060" )(x)w(Tx)0' (w)(66')(1 +w) ' d*xd*w.
xEK™ ,weK, ,|Nx|<R, |N(1+w)|
We choose now a positive number r for which
866, yoT) = / (66')(x)w(Tx)d" x.
INx|<r

Then, for |[N(1 +w)|>r/R,,, the ball [Nx| < R, |N(1+w)| contains the ball
|[Nx| < r. We write our expression as

T (06, wo T)/ 6'(w)(06')(1 +w) ™ d"w
weK, , [N(1+w)|>r/R,,
ve [ (66')(x)w(Tx)6' (w)
x€K™ ,weKk,

|Nx[§Rm|N(1+w)l s |N(1+w)|§r/Rm
x(00"Y(1+w) ' d*xd"w.

By Cayley transform y = (1 + w)—1 , 8'(w)(68')(1 + w) becomes (051)(y) =
6(y)0'(¥), and the first term is

r*60', yo T) / (68)()d"y .

K;,INy|<R,,/r

The assumption |66'| > q;l/ 2 implies that this integral has a limit when m,
hence R, , goes to infinity, by Lemma 2.2. We prove now that the second
term goes to 0. Let o be the real number such that |66'(x)| = [Nx|°. By
assumption, ¢ < 1/2. The second term now reads

/ (06')(x)(60)(y)w(Tx)d*x d"y
xeK™ | yeK,
[N(xy)|<R,, ,INy|>R, [r

and, in absolute value, is dominated by

/. NGy d*xd"y
x€K” ,yeK,
|N(xy)I<R,,,INy|=2R, [r

g X ]
=/ INx|" d x/ dy.
x€K™,|Nx|<R,, YEK; INYIZR, [r

In the right-hand side, the first integrai is O(R‘,’n), the second is O(R,;” 2) as

seen in the proof of lemma. So, the second term is O(R‘;—l/ 2 ), and goes to 0

when m goes to infinity. This achieves the proof of the proposition.

2.5. Given two quadratic étale F-algebras K and K',and B=K ® F K', we
denote by B, the subgroup of K™ x K'* consisting of elements (x, x') such
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that N x = NK,/Fx'. It is a closed subgroup of K x K’ and we have a
homomorphism from B™ to B, given by

(2.5.1) X — (NB/Kx, NB/K,x)

with kernel K| = Ker Ny /r» Where K" denotes the third quadratic sub- F-
algebra in B. As & x @, is the maximal compact subgroup of K™ x K™,
its intersection é’;* with B, is the maximal compact subgroup of B, , and it is
open in B, . The Haar measure dl)ii gives to ﬁ;i the volume 1. The group B,
appears also as the orthogonal in K x K’ of the group & (F*) embedded
in (KX xK™) by x — (xo Nygips x ! ONK'/F)' By Poisson summation
formula [W1], this implies that there is a number ¢, > 0 such that, for 4 in
the Schwartz-Bruhat space . (K™ x K'™) one has

/ (/ h(x, x')x(NK/Fx/NK,/Fx')d;xd;/xl> dy
K (F*y \JK*xK'*

=a h(x, x)dy (x, x").

(2.5.2)

Lemma. Assume that K and K' are not isomorphic. Then
(a) the image of B™ in B, by (2.5.1) is an index 2 subgroup;
(b) the restriction of (2.5.1) to @5 has image in @5 a subgroup of index
exr g if K or K' splits over F, and of index 2 ‘otherwise;
() ¢g=11Iif K or K' splits over F, otherwise ¢, = Jfyr JF the modular
degree of K" over F .

Proof. (1) Assume first K' = F x F. Then B, is the set of (w, (u,v)) €
K™ x (F x F)* such that ww = uv . The algebra B is K x K and (2.5.1) is
(x,¥) — (xy, (XX, yy)). We check now that the image of B™ is the kernel
of the map (w, (u, v)) — nK/F(u) on B, : if (w, (u,v)) liesin B, and u
is a norm xX from K*, sois v = ww/u. Put y = wx ™! , then v = yy
and w = xy. Thus (w, (1, v)) = (xy, (xX, yy)) lies in the image of B™ .
This gives an isomorphism between the cokernel of the map (2.5.1) and the
cokernel of Nk,r > and proves (a) in our case. For (b), we observe that the
inverse image of ﬁB)i in B is the group &, of units of B, and that the

cokernel of (2.5.1) restricted to & is isomorphic to &y /Ny & , which has

order equal to the ramification index e, IF of K over F. For (c), we apply
(2.5.2) to the characteristic function of & x @, : the integral

/ x(w‘zﬁ)x_l(uv)d;wd:ud;v
XXX X

is 0 unless y is unramified, and then the left-hand side of (2.5.2) is 1, as is the
right-hand side when ¢, = 1. This proves the lemma when K or K' splits.
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(2) Assume now that K and K’ are not isomorphic and nonsplit. Let
(u, v) € B, ; then the equality NK/ Fl = Ny JFU shows that this element of

F* liesin Im Ny, NIm N p =Im Ny . Let z € B with Ny pz equal to
this common norm. Its image by (2.5.1) differs from (u#, v) by some element
of K, xK ; , the product of Ker Ny /F by Ker Ny JF - As the inverse image of

K, x K| in B* by (2.5.1) is B, = Ker Ny ., we have shown that the orbits of
B™ acting on B, through (2.5.1) are the same as the orbits of B, acting on
K, x K{ . As any element of K, lies in Im NB/K , SO 1S 1n NB/KBl , the number
of these orbits is [K;: Ny, x'Bgl where By = Ker Ny, . We prove now that
Ng / k' By hasindex 2 in K { . For that, we use the long exact sequence for the
cohomology of the group GalB/K" acting on the exact sequence

1—-K*—B" — By — 1
of subgroups of B* by its Galois action composed with inversion:
! X X a X X
1—-’K1“)BK—//—“>K1—>F /NK/FK —>K /NB/K”B
" X
—-)KI/NB/K//K —)0—)

As any element of F* is a norm from B to K", the arrow « is 0. The image
of By in K| is Ny, x By , and the factor group is isomorphic to FX/NK/FK>< ,
which has order 2. This proves the claim, which gives part (a) of the lemma
and also part (b) since B, consists of units. For (c), we use again the char-
acteristic function of & x &y ; this shows that ¢, is the index in &, of
the subgroup generated by NK/Fé’FX and Ny O . As NK/F@’I? =gy if
K is unramified over F, and [&, : NK/F@? ] = 2 otherwise, we see that
¢, = 1 unless NK/F@? = Ny jp s ; in this case, the units of F are either
in NK/FK>< ﬂNK,/FK'X or in the complement of NK/FK>< L.JNK,/FK’X , that is,
11X

are all in NK,,/FK
but then, K" is unramified, so Sy JF= 2. This gives the proof of (c).

since F* is the union ImNK/FUImNK,/FUImNK,,/F;

3. MAIN RESULTS

3.1. Theorem 1. Let K and K' be two quadratic étale F-algebras, and let B
be their composite algebra K ®, K'. Let 6, 6" be characters of K™ and K™
respectively. Denote by wny,p, @'ny ¢ the restrictions of 9, 6" to F*, and

by 6 x 6" the character (8o Ny, )(8'0 Ny 1) of B*. Then we have

—1/2 -2
(3.1.1) (g 1790, = Tower (@ W)T(wa'q ", p).

Proof. (a) If K and K' are both split, we see them in B = F * as the fixed
points of the involutions

(t,u,v,w)— (v, w,t, u)
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and
(t,u,v,w)— (w,v, u,t)

respectively. For 6 = u®v, 8’ = 4’ ® ', we have

0x6 =(uu)ewr)ew')ewi).
In this case, formula (3.1.1) has been proved in [L and GL1].

(b) If K and K’ are isomorphic fields, we see them as fixed points in B =
K x K under the involutions (x, y) — (¥, x) and (x, y) — (¥, X) respectively,
with ~ the conjugation of K over F. Then, 6 x 6’ is the character (x, y) —
(66')(x)(68)(»), and

—1/2 2 K —-1/2 K, 7 -
Voxe (@2 W) = Ap ()7 (00'a5 " w o T)y* (00'g5 ", wo T)

w1th T= TK/F Multiply both 6 and 6’ by ql/ 2 then ww' is multiplied by
q and (3.1.1) takes the form

(3.1.2) f B0y oN, 0y o NYdy =T5(00, y o T)/T(we, v),
.&/(FX)

with N = Ny/p and BX the beta function (2.4.1) for K. Formula (3.1.2) is
the proposition of §2.4 combined with the lemma of §2.2.

(c) The case of K and K' nonisomorphic remains. As they play the same
role in the statement, we assume that K is a field. Then the third quadratic
étale F-algebra K" in B defined by K and K' is also a field, satisfying

Nkl F g F = 1.

We choose two coset representatives, say, a, and a_ of Ng» o(K"™) in F*
Using the complement formula in §1.1 for I', we rewrite (3.1.1) as

(3.13) (5179, = Wl(@o)(~DL T ' 0™ g, v g p@a . w).

Since both sides of (3.1.3) are meromorphic functions in 8, ', it suffices to
prove the identity for ¢ < |ww'| < 42 , and we shall so assume. Our strategy is
to express the right-hand side of (3.1.3) as an integral over the subgroup B, of
K™ x K'* | the orthogonal of the group . (F*) embedded in & (K™ x K'™)

by x — ( XoN k/Fs X x o N+ p); a suitable form of Poisson summation formula

expresses then the right-hand side as a contour integral over % (F™), which is
the left-hand side of (3.1.3).
The condition |ww'| > g implies the integrability near 0 for d™¢ of the

character a)_lw’_lq. Thus, for R large, one has
-1 -1 —1
o o™ q. v )= [ w0 wi-ol™
l{|<R

and
Mo o n'q, ") = / (w0 " (w00 %,
[t]I<R
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Wlth ’1” = nK///F 5 SO

F(w_lw'_lq, v = r.+r_,
where I, correspond to the intersection over those ¢ in the ball |¢| < R which
satisfy ¢ € a, N"(K"), with N" = Ny /r- We express ', as integrals over
K":
(3.1.4)
=T, &

=c—l|ai|‘l/|N“ |<R((uw')(aiN"w)_1a//(—aiN"w)|N"w|_2dK,,/Fw,

with ¢ being the measure of K| = Ker N" under dy.  w/d*t.

The condition |ww'| < ¢° assures that the character g = 6 x 6 of B is
integrable near 0 with respect to the measure d, v > SO, for S large, we have

B, —1/2
Ylg(qB / s WOTB/F)z/lvzl <Sﬂ(Z)W°TB/F(Z)dB,y/Z’
B

where |z|, = max(|Nx|, |[Ny|) if K’ issplitand z in B correspond to (x, y)
in K x K, and N=NK/F.

Our first step is to express the product of the two gamma functions in the
right-hand side of (3.1.3) as follows:

Lemma.
-1 -1 B, —1/2 _ —1,0 -1 -1/ 5.
Hew o g, y)vglap " woTyp)=lvl A(y) ¢ ¢ lim 4,
where 2" (y) = Agr i p (W) and

AQ=/ Oy o T)(x)(0'w o T)(x)dy_,(x, X),
(x,x")EB, ,|Nx|<Q .

with T = Ty, T = Ty p s ¢ is the index of the image of @5 in @’BX_ by
(2.5.1) and dj, ,(x,x") = |Nx|dy ,(x,x").
Proof of the lemma. Choose S large as above, then

o 'o g, w")P ey, wo Tyr)
=c(T, +T_)7"(Bay *, wo Typ)
- 121(1)c(1‘+ - F+’r|a+|_z +I'_ - I'_’rla_rz)yB(/?q;l/z, wo TB/F)
=lm(I(r, S, a)+1(r,S,a)),

where, for a =a_ or a_ and R large as before, we define

1, S, a)=|a™" / () aN"w) " w(—aN"w)B(z)

lz|z<S, rla] 2<|IN"w|<R

-2
X Yo TB/F(2)|N"w| dK,,/Fde,Wz.
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Note that for w € K™, we have
B(w) = O(Ny )8’ (N ow) = O(N"w)6' (N"w) = (wa'nn ) (N"w)
= (0 )(N"w),
with 77 = ngp, 7 = ngp so that n" = ny'. Therefore, I(r, S, a) can be

simplified as

)™ (e )(a) ! / B(w ™ 2)y(~aN"w)

|z1,<S, rla]T2<|N"w|<R

-2
X Yo TB/F(z)|N"w| dK,,/Fde,Wz

- la™ e )@ [ B(z)w(~aN"w)

25<Sr™"al*, rla] T*<|N"w|<R

X Wy o TB/F(wZ)dK”/Fde,WZ

by the change of variable z — wz. Fora given S, the assumption ¢ < |w’| <
q2 implies that the integral

/|I <. |,b’(z)|dK,,/Fde’Wz
z|p<SrT, w|<r

is majorized by a constant multiple of r fIZiB <s—1 |B(2)|ldgz, which is O(r®)
-1
with a = ||"8%) > 0. This shows that the difference
I(r,S,a)—1(0, Sr '|a)’, a)
tends to zero as r does. Hence we have
-1 -1 -1, B —1/2 . 2 2
o™ q, v (Bay" ., woTy,) = lim (1(Qla, . a,)+1(Qla_f", a))
where for R and Q large I(Q, a) = I(0, Q, a), that is,
1@, a) =1l (wa)(@)”" [ B(2)y(~aN"w)
Iz1,<Q, IN"w|<R
X Yo TB/F(wz)dK/,Fde,Wz.
For fixed a and for R large enough, the integral against w has been computed
in the lemma of §1.5. It is O unless |N"oTB / xZ| < R;take R large enough, the
condition |z|, < Q, or equivalently | N, / k" Zlgr < R, implies [T, / k" Zlgn <R,
and this integral against w is, for |z|; < Q, equal to
-1, - - -1
lwl al ™ " @2 (w) " w@ 'N" o Tgx2)-
Noting

—1 -1

(ww') (@)™ = 8(a)”" 6" (@) n(a)r' (a) = 6(a)"'6'(a) "' 1" (a)

and
" /
N OTB/K//=T0NB/K+T ONB/KI’
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we arrive at

1Qlal, @) = 1”2 (v) "lal™ /m 0TI N2

-1

x By oT )a~ B/K’Z)dB/y/Z

From the lemma in §2.5, the image of B* in K™ x K'* by the map (NB/K ,
Np, K,) isa subgroup B of index 2 of B, with coset representatives (a, - a:l)

and (a_ ,a_ ). We express I(Q|a| , a) as an integral over B :
1@laf’ @) = v ™% )¢ [ a0y o T)(a %)
(x,x")eB,|Nx|<Q|a|
x(0'y o T)a 'xd;, (x, x)
=y~ (w)"'¢ / . (OyoT)(x)(0'woT ) (x)dy ,(x, x")
(x,x")ea™'B} | |Nx|<Q *

by the change of variables (x, x') — (ax, ax’). Here ¢’ is the index of the
maximal compact subgroup of B: in the maximal compact subgroup of B, .

Adding 1(Qla,|*, a,) and I(Qla_|*, a_) leads to
wiw e[ (B o TY(x)(O'w o T')(xX)d},, (x, X
x,x)EB, ,|Nx|<Q -

=y "' (w) "4

This proves the lemma.

Recall that 4y, = A(W)A' ()2 (w), where A(w) = A p(v), X(v) =

Agp(w), A'(W) = Agn p(), as seen in §1. The lemma gives the right-hand

side of (3.1.3) as

(" L.5)

L) (w)e™ ' lim Oy o T)(x)(0'y o T')(x)d} (x, x).
Q—00 J(x, x') JEB, |Nx|<Q

0"

On the other hand, for |ww'| < q”, the left-hand side of (3.1.3) is given by
a convergent integral

Aw)i w)f Y (OxoN, woT)y* 'y oN', yoT)dy.

We assume now |w| and lw'l < g, which is compatible with the preceding
assumption ¢ < |ww'| < q For x unitary with a(y) < M, the two gamma
terms yK(HX oN,woT), (0 x“ oN', woT') above are given by inte-
grals on sufficiently large compact subsets of K and K', depending on M,
and independent of 6, 6’ running through given compact subsets of &7 (K™),
(K™

FOroN. yoT)= [ (owoT)x)re Nixdy ,x.
Nx|<Q(M)
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H O N wer) = [ (0w o T)x )1 o N' (),
Ix'| SQM ’
Using (3.1.5), we see that identity (3.1.3) is equivalent to
(3.1.6)
. N, N * !
hm Xa( (leXISQ(M),Ix’IKfSQ(M) f(x, x)x{(Nx/N x )dK,deK’,wx ) dy
= c_lc'L lim f(x,x’)eB,,|Nx|§Q flx, x')a’;*,w(x, x'),

where f(x, x') = (QwoT){x)(8'woT')(x") for x € K™, x' € K" . Recall that
the measures d} dy d; B .y are given by

K,y> %K' y>

dy x=|wID” L INx|"Pdix,  D=Dy,,
d;/,wx'=|t//[D' 12 _llN' lll/zd x' Dl:DK’/F’
dy (0, X) = WDy i Ly INx|'PIN'Y| Py (o, 2,

hence, by §1.6, we rewrite (3.1.6) as
(3.1.7)

. / 1 I\ X xX
oM La(y<m (leXISQ(M),IX'IK/SQ(M)h(x’ X)x(Nx[N'x )deK,x) dx
;=1 4. Iy X /
-ee Qll—.ngof("’X')GBwlNXISQh(x’ x)dg (x, X7,

where ¢’ = e, ., and h is now the function on K™ x K'* given by

/E>?

172, xy! /|l/2

h(x,x)=(OwoT)(x)(0woT)x")|Nx|"IN

We observe now that for |w| < ¢ and |w'| < ¢, the function h,, on K™ x
K" equal to h on |[Nx| < Q(M), lx']K, < Q(M), and O otherwise, lies in
F(K* x K'). We apply Poisson summation formula (2.5.2) to this function
h

M-

7{ (/ hy(x, x')x(Nx/N'x/)d;x/) dy
W (FX) K*xK'*
= C1/ hy(x, x')af,;< (x,x).
5 .

On the left-hand side, only the characters y with a(y) < M will contribute,
so this formula is

f (/ hix, x’)x(Nx/N’x’)d;xd;,x’> dx
a(x)<M !Nv\'fSQ(M)-|X/|K'SQ(M)

=C|/ , h(x,x')d; (x,x).
( EB,.INx|<Q(M) .
This clearly proves (3.1.7), and hence completes the proof of the theorem if we

show ¢, = c'e””"; but this is proved in the lemma of §2.5.
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3.2. The multiplicative formula for yg .

Theorem 2. Let K be a quadratic étale F-algebra, and 0 € &/ (K*). If a, B €
& (F™) are not poles of y yg(x, V), then

(3.2.1) $ o, 700 W T ) dx

=T((aBw)™", v Yy (@, W)7g (B, W)
Wwhere © = nK/F0|Fx .

Proof. We apply Theorem 1 to K' = F x F, 6'(u,v) = a(u)ﬁ(v)|uv|_l/2.
Then B is K x K and
1/2

(6 x 6')(xy) = 6(xy)a(Nx)B(N)IN(xy)|” '~

with N = NK/F . As AB/F = ,IK/F(V/)2 , using the complement formula in §1.1
for T", the right-hand side of (3.1.1) is written as

WL T((aBw) ™", w™ Yy (a, w)vs (B, w).

On the other hand,

1 1/2 -1

F - 2
v w) =7 @d 27w (Be )

= ("L Tex™ , w)TBx ™", w).
This gives (3.2.1).

3.3. Theorem 3. Let K and K' be two nonisomorphic étale F-algebras, and let
B be their tensor product over F . Let 8 and 0' be two multiplicative characters
of K and K' respectively. Assume that the product of the restrictions of 0 and
6" to F* is trivial. Then, for any nontrivial additive character y of F, one
has

72(00 Ny o Ny o, wo Ty ) =06(=1)=06'(-1).

Proof. Write f for the character HONB/KQ'ONB/K, of B*. For t in F*
one has

B(t) = 6(H)6' (1Y) = (86) (1) =1,

hence || = 1. The identity to prove is equivalent to the relation

(3.3.1) / B(2) f(z)a' z=06(- 1)/ B(z (z)a' z

for any f in (B); the integrals are both convergent.

Denote by K" the third quadratic F-algebra in B determined by K and
K'. Since K and K’ are not isomorphic, K" is a field. By restriction to
K", the two automorphism groups of B over K and K’ identify them with
GalK"/F . Hence, the norm maps Ngx and Ny, coincide on K" with
Ny p - As a consequence the restriction of B to the multiplicative group of
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K" is trivial. Denote by dj . the quotient measure of dj by dy., so, for
feF(B),

(3.3.2) / B(z)" f(2)d z_/Bx/K”Xﬂ(z)_l (/K f(wz)dK,,w) dy gz

We apply now the Poisson formula to the closed subgroup K" of B and to the
function f

(3.3.3) /f(wz)dx,,w=|z|;'/ fz" ' w')dpnw',
K" Ky B

where K, denotes the orthogonal of K” in B with respect to the self-duality
(z,2) = yoTy (22, thatis, Ky = Ker Ty 4 , and where dgn denotes the
Haar measure on K associated to dg.. For w’ in Ky, one has Ny w' =
—NB/K,w’, hence the image of K, under Ny, is contained in K N K =F.
So if w’ € K}, is not 0, one has

(3.3.4) B(w') = (00 Ny xw')(0 o Ny prw') = 6(=1)=6'(-1).

Choose a nonzero element, say s, in Kg. We rewrite the right-hand side of
(3.3.1) using (3.3.2)-(3.3.4) as

(3.3.5) /B e B(sz ™) ( »

;=1 ’
flzw )ngw) |z|B B K Z-
B

We observe now that the measure |z|;'dy vz is dj »z ' . We change the
variables w’' = sw, z— sz~ in (3.3.5) to get

/I;X/K”X B(z) (/K f(zw)a’K,,w> dy gz

which is [px B(z) f (z)d;z , the left-hand side of (3.3.1). This proves the theo-
rem.

Corollary. With the same assumptions on K and K', if now the product of the
restrictions to F* of 6 and @' is the character q: t — |tl"l, then

F, F Agx@(=1)
(3.3.6) (75 179), = / 1 ,

F(UK/F’?K'/F(I , V)

where w(—1) = O(=Dng, p(=1).
Proof. This follows immediately from Theorems | and 3, due to the definition
of AB/K given in §1.6.

3.4. Theorem 4. Let K and K' be two quadratic étale F-algebras, and 6 €
(KXY, 0' €/ (K™). Then y; =y} ifand only if one of the following holds:

(1) for K' isomorphic to K, then 8' corresponds to 6 or to 8 by such an
isomorphism;
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(2) for K' not isomorphic to K, let B=K ® K'; then 6 and ' have the
same lifts to B* and different restrictions to F* .
Proof. If K and K' are split, then yg(x, V) = yF(ﬂx, n//)yF(ux, v) if 0 =
u®v,and {u, v} is determined by the zeros (or the poles), with multiplicities,
of the function of y(f . This establishes the theorem in this case.

Assume now K is a field. If yg = ygF, , the deep twist property shows that
o= w', hence G'lFx = ”K/F”K’/F9|FX .

(a) If K’ is not isomorphic to K, then Ng/Fllk'IF is nontrivial, since the
third quadratic subalgebra of B is a field.

(b) The equality yeF = yf;, implies yOF_l(x, V)= w(—l)y:;(x—
seen in §2.3, (yeF_n ny;)w = 0. By Theorem 1, we then have

1 -1
, W), 80, as

B, -1 -1/2
77 (07" o Ny k8 o Ng g ag > woTy ) =0.

(¢) If K and K' are isomorphic fields, then B appears as K x K and yB
as product of two yK ’s, SO

K, ,— —1/2 K, —1= —
070 a " w o T ) (07 T gy wo T ) =0

which means 6’ =6 or 6.
(d) If now B is a field, then 6' oNB/Ke’oNB/K, =1,and 6 and 8’ have
the same lift to B*.
(e)If K isafield and K’ is F x F,then §' = y®v with u,v € & (F™)
and B is K x K ; then
K( -1

-1 —1/2 K —-1/2
7 /‘ONK/FG dx / ) '//OTK/F)y (VONK/FQ dx / ,Q/IOTK/F)=O,

so 6 is either yo NK/ F O Vo NK/F. By the Davenport-Hasse theorem we
F F F F

have v, (x, ) = 7" (i, w)7" (ungpx> ) or v (wx, w)y" wngpx, v). As

Ve (2> W) =79 (x, w) =y (ux, W)y  (vx, w), we have uv™" = ny, in both

cases; 0 0 = o Ny, =voNy . and 00Ny = (u®v)o Ny ., which means

that 6 and 6’ have the same lift to B™ .

We have proved the “necessary” part. of the theorem. If K and K’ are
isomorphic and 6’ correspondsto 6 or 8, then AK/F((//) = AK,/F(y/) and yf; =
yg since both yo N and woT are invariant by the conjugation of K over F.
Assume now B is a field, and that foNy = OIONB/K’ with 6], # 6'[F>< . We

use the third quadratic subextension K of B, and write §o N, K= 0 0N, K

"> which is an index two

on K" : this shows that the restrictions to Ny K
subgroup of F*, of # and 6  are equal. Hence B'IFX = nK,,/F0|Fx , that
is, w = @'. We prove that this implies that § and 6" are regular over F.
Indeed, if § = pwo Ny, then 6o Ny = o Ny o Ny =0 0Ny s

hence po Ny JF and @' coincide on the elements of K’ which are norms
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from B™, in particular on F™: this contradicts 6|.x # 6'|.x . The relation
00Ny x = §'o Ny, shows that this character of B™ is fixed by both Gal B/K
and Gal B/K', hence by all Gal B/F , that is, also by Gal B/K" . This shows

that 6 and its conjugate 6 over F have the same lift to B™, and 6 being
. . - —/ . .
regular, this gives 0 = 0’73/1< ,and also 8 = H'nB/K,. As Mgk 18 the lift of
Mg p 10 K, the relation yeF = ygF shows that yg(x, V) = yg(xr;K”/F, V),
and also for yf; . We apply Theorem 1 to get the relation (yf;,|y£ Yy = (y(‘;,,]y;)w

for 6" € .o/ (K"*), with a finite number of exceptions. We take 6" = X O Ny /F
and use the Davenport-Hasse identity to get

F F F F
Yo (X W)V XMy W) = Vg (X5 W)2g (X Nk 5> W) >
that is, yg(x, t//)2 = ygf(x, y/)z. We define a sign ¢(y) by

F F
v (X, W) =e007, (X, w),  x €L (FY).
This sign is 1 for y with large conductor, due to the deep twist property and

w = . As 6 and @' are regular, the rational functions yg (x, ) and

y; (x, w) are monomials on &/ (F™), and having the same squares, the de-
gree is the same, as &(y) is constant on each component of ./ (F™). Theorem
1 shows that (ygllyg-x)w =0, hence, for M large enough,

1

0= y(f/(x, V/)?g—n(x—l, wydy —¢"(1-¢7"

a(x)sM

= (}{ s(x)dx—qM(l—q_l)) w(-1),
a(x)<M

thatis, >° 1< €(X) = 24 )<ar 1> the summations being on the characters of

@™ with a(y) at most M. As g(x) is a sign, this implies &(y) = 1 for all
x’s, and yf; = ygl . The theorem is completely proved.

Corollary. With K, K', 6, 6" as in the theorem, we have y,f = yoF/ if and only
. F F
if Indg 6 = Indy. 6.
Proof. (a) This is clear if K and K’ are isomorphic since Ind; @ and Ind,F</ 6'
are the same if and only if 6’ = 6 or @, which means y, =y, by Theorem 4.
(b) Assume K is a field and K’ is F x F. Write 8 = y® v, so that
Indz, ' is the direct sum of the two one-dimensional representations u and
v of F*, abelianized group of Wy . Theorem 4 shows that yg = yg, if and
only if 6 = 1o Ngp and v = HMg s then Indzﬁ = u®Ind2 l=p&ung =
LBV = Indf{, UQv = IndZ/ 6'. Conversely, if Ind; 6 is the sum of the two
characters x4 and v, then Ind; 6 is not irreducible, so 6 = y o Ny JF 3 but then
Ind; 0= X XNg/p SO that y =pu or v and v = KMy p » and the theorem says

F F
Yo = Vg -
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(c) Assume now B = K ® K' is a field. If yg = yg, , then, by Theorem 4,
we have 0o Ny =6 o Ny, and 0|px # 0'|px ; during the proof, we have
shown that this implies = 6, and q =6n, k' - As the trace of Ind} 6
is 0 outside W, and on W it factors through its abelianization K * where it
is given by (6 + 0)/2, this is 0 outside W, and on W, it factors through its
abelianization B™ where it is given by § o N 5k - Hence Ind; 6 and Inle(, 6'
have their traces supported on W, where they are equal, so the representations
Ind; 6 and Indil ' are equivalent. Conversely, this equivalence implies that
traces and determinants of two representations are the same; for the determi-
nants, this gives 6|.x Nk/p = 0'|Fan,/F , 80 0|.x and 0'|Fx are different; for
the traces, we get 0 outside W, NW;. = W, , that s, 6= 9’73/K R 7 = H'nB/K, ,
and the coincidence on W says that §o Ny , = 6 oN, sk - Theorem 1 then
concludes the proof.
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